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NATTIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 1559

BUCKLING STRESSES OF CLAMFED RECTANGULAR
FLAT PTATES IN SHEAR

By Bernard Budiansky and Robert W. Connor
SUMMARY

By consideration of antisymmetrical, as well as symmetrical,
buckling configurations, the theoretical shear buckling stresses of
clamped rectangular flat plates are evaluated more correctly than in
previous work. The results given, which represent the asverage of upper—
and lower-limit solutions obteined by the Lagrangian mmltiplier method,

ares within lé-percent of ths true buckling stresses.
INTRODUCTION

The theoretlcal buckling stress in shear of a clamped rectangular
plate has been found exactly only for the case of an infinitely long
plate (reference 1l); for plates of finite aspect ratio, approximate
solutions of uncertein accuracy have been presented by several investi-
gators. In reference 2, Cox glves buckling-stress coefficients computed
by the Rayleigh-Ritz energy method for several aspect ratlos, but no
detatls of solution are included. Iguchi (reference 3) obtains approxi—
mate results by means of = series method that, as Smith polnts out in
reference L4, does not provide definite information as to whether the
results obtalned are too high or too low. Smith then obtains upper
limits to the true buckling stress by using Iguchi's deflection function
in the Raylelgh-Ritz method. The numsricel resulis published by these
investigators differ by as much as 10 percent at some values of plate
aspect ratio. Furthermore, these results were all apparently based on
the assumption that, for each aspect ratio, the critical stress

corresponds to a buckling pattern symmetrical (rather than antisymmetrical)

ebout the plate midpoint.

The présent paper gives theoretical buckling-stress coefficlents
computed from an analysis (reference 5) by the Lagrangian mltiplier
method. Both upper and lower limlts to the true buckling stress were
calculated, so that the meximum error in the final results is definltely
known. Furthermore, in the present paper the assumption 1s not made
that the symmetrical buckling pattern governs at all aspect ratios.
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In reference 6 it 1s shown that, in shear buckling of e rectangular plate )
simply supported at the edges, an antlisymmeirical buckling pattern 1s e
critical at certaln aspect ratios. The antisymmetrical pattern was . . _
accordingly included in the present—investigation, and the results i
indicate a rsnge of aspect ratios in which the lowest dbuckling stress

does occur with a configuration of antisymmstry.

SYMBOLS
a length of plate
b width of plate - - R
B plate aspect ratio (a/b)
t thiclkness of plate
B Yourg's modulus for materisl
e Poisson's ratio for material
D flexural stiffness of plate <}—-j§éi-75;> .
12(1 — p%)
T critical shear stress )
kg critical shear stress coefficlent in the formmla 7T = kg %g%

RESULTS AND DISCUSSION

The critical sheasr stress for a rectangular flat plate with clamped
edges is given by the equation '

2D

T =X
vt

The solid curve in figure 1 givees the values of the shear stress
coefficlent kg for values of aspect ratio B from 1l to 3. As shown

in figure 1, the solid curve consists of parts of two dlstinct curves,
one of which corresponds to symmetrical dbuckling, the other to anti-
symretrical buckling, about-the plate midpointi— The governing
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configuration at any aspect ratio, given by the solid line, is that
which ylelds the lower buckling stress.

The values of kg plotted in figure 1 represent the average of
upper- and lower—limit solutlions obtained from the analysis of
reference 5. (See table 1.) In most cases, the lower—limit results were
obtained from eleventh—order steblility determinants, and the upper—limit
results from ninth—order determinants. (See reference 5.) The evalustion
of many terms in the determinants was considersbly simplified by means
of the computation aids discussed in the eppendix to the present paper.
As 15 seen from the data of teble 1, the final results obtained must be

within 11% percent of the true buckling stress coefficlents.

It 1s to be expected that for values of B between 3 and ©» the
buckling stresses corresponding to symmetrical and antlsymmetrical
buckling will be very close to each other. Hence, the solid curve
of kg against 1/8 shown in Pigure 2, faired through the data of

table 1, can be used to estimate kg for any value of B Dbetween 1l &nd =.

CONCLUDING REMARKS

From a consideration of both symmetrical and antisymmetrical buckling
patterns, the shear buckling stresses of rectangular flat plates with
claemped edges have been more correctly eveluated then in previous work
whereln only symmetrical buckling patterns were conslidered. Through the
use of the Lagrangian multiplier method, which permits the computaetion
of both upper and lower limits to the true buckling stress, values known

to be within 1% percent of the true buckling stress coefficients have
been obtained.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., September 18, 1947
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AFPENDIX
COMPUTATIOR AIDS

In the determinants which form the stabllity criteria from which
the buckling-stress coefficients are derived (reference 5) 2 many terms

are given in the form of infinite summations; that is, E m®B
n=1
where

Am— w—
A2 — k,280mPn?

Byn =

Ao, = 2(n + p2nd)®

This summation, for a given value of n, converges very slowly,

approximately as however, the terms of the summation approach the_

2L,
on?’
value of ﬁﬁ- repldly, as m becomes largs, Thus, it may be essumed
that above a certaln value of the index m, say M, the terms of the

00

. 2

deslired serles becoms equal to the corresponding terms of E A—:—n .
m=1

Thus, for exampls

fmzn maaml+ Z,ﬁ

m=1

o o2 a2
NZmBml—Z EE-FZA—:E

m=1 m=1 m=1
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But
2. 2 = 2
_m- = m
o1 Aml ;1 2(@? + %)
= -a%@n + coth Bx — Bx coth23x>
Then

© M M
2
E maBml ~ E szml - E E:—l + %@n + coth B — B=x cothaﬁig
m=1 m=1

m=1L

In the case of B =2, wvhere kg ® 10, 1t was only necessary to take
M =9 to obtaln sufficlent accurecy.

All of the infinite summations found 1ln the determinants for both
the symetrical and antisymmetrical lower—limit solutions can be
evaluated in a similar menner. In the upper—limit determinants, there
appear sumations of & more complex type of term, such as

i 2

m=1 Am2

where
1 4
TRy T g
Expanding the general tsrm glves

-

5. m 1 L
o ) [3@2 « 897 ’ 2(a® + u52>2]

Ir12£m2 + B2>2

2@ )R 4w i@ 0]
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Dividing through the numerator by the denominator glves a sum of
the form

A _B  C _D
-

The first four terms of thie sum are sufficlent to provide a
satisfactory approximation to the general term of the desired series
at high values of m. Thus

o M
m? 2 A _B G_D>
2 Lt 2 FE R
ZMme_ié__B+C_D>
Amaﬂm <m2 ;E m—g ;1-8

m=1 m=1

A B c D
+ E e i 2 - =
el <m2 n* nz. ma)

H

&

where
1 9.282 58 4484
A= ']—-5, Bs 10 'y Ce ——]—.o——-—
and
D= 318.208136
io
But since

M
El\ll""
"’1\:

m=

8

B
o
8P

B
i
'—l
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ﬁ

Zl—
e ub 9k5
E X .

d 9h5o
m=1
the desired summation becomss

o M o M
m w2 A _B,C _D
> S (4-3-5-3)

1 Amaaﬂm BT Amp

2 a £ 2
X _p-E_ -
+A6 Bgo+09h5 D9,+50_

Similar approximations are possible for the othsr infinite series
of similar form in the upper-limlt determinants.
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TABIE 1

SHEAR-STRESS COEFFICIENTS FOR VARIOUS ASFECT RATIOS OF PLATE

Symmstrlcal buckling Antisymestrical buckling
Uppexr Lower Maximpm Upper Lower Maximm
B Limit limit Averege error B limit Limit Averesge exrror
(percent) (percent)
1.00 | %k | Pk | 0.5% | memm | mmmmen | mmeeen — —
) 1.25 P61 %12.35 12.48 1.05 o= | memmen | eeesee el e
1.50 | Pa1.s6 | b5 |o11.%0 52 1150 | 42.08 | eyl 1103 1.24
b ¢ £ e
2.00 | *10.60 10.58 10.59 Jo0 | 2.00 10.36 10.32 10.34 20
3.00 b9.67 .57 9.62 2 3.00 d9.71 °9.61|L‘ 9.67 A
B | cmmeen | emmma- g8.98 —m—a wmme | mmmmee | memeee 58.98 m———

®Sixth order determinent; p=g=3
bNinth order determinent; p=3, g=2
CEleventh order determinamnt; p=3, g=2
INinth order determinant; p=5, q=2
€Eleventh order determinant; »=5, q¢-2
fEleventh ordexr determinant; p=7, g2

j {See refere Gep.)

E0btained from exmet solution in reference 1.
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Figure L.-Buckling stresses of -clomped rectangular plates in shear.
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Figure 2.-Buckling stresses of clomped rectangular plates in shear.

i (é— as function of k5>

6CET "ON NI VOVN



